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Nonparametric Kernel Learning

Existing methods all assume certain parametric form of the
kernel;

Or a linear combination of provided kernels.

This work focus on non-parametric kernel learning from
both labeled and unlabeled data.

Actually, here kernel learning is more appropriate
considered as a similarity matrix which must be semi-

positive definite.



Problem Formulation

+1 (x5,x;) €S
-1 (x;,x;) €D
0 otherwise

Goal: Identify a kernel matrix that is consistent with all the
palrwise constraints.

argmin [[V[5+¢ Y max(0,1-T,;7 ;)
Z=viv (i,7)E(SUD)
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Use Graph Laplacian as Regularizer

The previous formulation dose not take into consideration
the input pattern of data instances.

Use Laplacian regularizer :

S; . ‘ R
(V.5) = 3 —2|lvi = vy} = x(VLVT)

Here, different from spectral clustering, v; and v; are vectors.
So the objective 1s:

arg min tr(‘[f’TLVT) + ¢ Z max (0,1 =15 ;Z; ;)

VTV
Z=VT} (i,.j)€(SUD)



Primal Formulation

argmin tr(VLV ) +¢ > max(0,1-1;;Z ;)
Z=V 1V (i,7)e(SUD)

s to(VIVT) = tr(LVTV) = tr(L2).

arg min Z L@jj Zﬁ}j + c Z €i,7 (3)
Z€ =1 (i.7)E(SUD)

s. t. V(i,j) €(SUD), T5;Zi; = 1 — €565 >0
Z =0

#var = N*N+ISI+IDI



Dual Formulation

N
L o= > LijZij+c Y, ey OL
ij=1 (i./)E(SUD) Doy c—Qij—&;=0—0Qi; <c
- Y Qu(TiyZiy—1+ey) 0L
1 3 ? ? — Lo — . PR p— . T >"
(i.)e(SUD) 07, Lij—QiTij—Mi; =0—=L=QxT

- Gyey —t(M2)

(i,j)E(SUD)
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Arg max Y Qi+ Y Qi

(T'}.?)E‘S (E}J)ED
s. t. 0<Q;;<c Y(ij)e(SUD)
L=QxT

#var 1s equivalent to number of pairwise constraints
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§  Efficient Dual Algorithm
-

» Using SDP solver to solve dual formulation
first.

* Recover the primal kernel matrix Z efficiently
based on KKT conditions:

M=L-Q&T, MZ=0

- Zcan be factorizedas 7 = UBU'vhereU
1s the eigenvector of M corresponding eig-value
0

| Bl<=|S[+|D][+1
< Rank(L)=n-1, Rank(Q) @ 7)) <=[S|+|D]|,

% Rank(M)>=n-1-|S|-|D|. Hence, the number of eigenvectors for
zero eigenvalue <= |S|+|D|+1



Reformulated Primal

N
arg min E Li,jZ@jj + c E €i,j
Bz0 5o (i,j)€(SUD)

s. t. V(Z,j) = (5 L D), T@ijg‘}j >1— €i.7€ij >0
Z=UBU'

argmin tr(BU'LU) + ¢ Z €i (6)
(i,7)E(SUD)

¥(i.j) € (SUD). Ty u; Bu; > 1 —¢;

V(1

s. t. 7)
,j) = (SUD)?E@J 20
0

SDP with smaller
#var

o




Algorithm Overview

Solve Dual problem first obtain the dual matrix.

Get the Langrange multiplier M
M=L-0Q®T, MZ =0

Calculate i1ts eigen vector of zero eigen value.

Solve the simplified primal problem:

argmin tr(BU'LU) + ¢ Z €] (6)
(2,7)E(SUD)
s. t V(i,7) € (SUD), Tf__j-u;-rBuj > 1 — €
V(i,j) € (SUD), e ; >0
B0

Recover kernel matrix Z = UBU'



SMO-like algorithm for Dual

* Principle of SMO: Each iteration

with respect to small number of vars.

Closed-form solution.

* Here, for the dual, we optimize in terms of just
one entry in the matrix.

arg max Z Qi+ Z Qi

o)

N (i,7)€S (i,j)€D
L~-QxT
argmax Qg (7)
Q.1

s 1. 0 < QJ < C, A"I""r' — TA._EQ_:I..;I"I'1"T' =0



SMO-like Dual

argmax (Jp (7)
Qr

s.t. 0<Q,; <e, AN T ,Q 1% =0
where matrix A% is defined as
AR =L —(Q - QuI") o T. (8)
Note I*! is a n x n matrix and is defined as

1 (k=iandl=j)
1%, =4 1 (k=jandl=1)

() otherwise



Closed-form Solution (1)

where W R("=21%2 4, « R(n=2%(n=2) and A, is

A — Lk Ly — Quidy,
! Lyg— Qridy Ly

- So Ay WTAQ_IW

* Let G G
WTA—lw — (! — 1.1 1,2
2 ( Goy Gapo

:> Lix— G g = Qualig—Gia ) 0
Lipg—Qprily) —Gio Lig—Gas -



Closed-form Solution (2)

L —Gra =0,

Ly —Gagz =0, and

. the determinant of the above matrix is non-
negative, i.e., (G2 + TkaQri — Lit)? < (Lgg —
Gia)(Lig — Gaz).

Imazx kA
(I Q

s.1. 0 E Qk,; ﬂ (i
Grz + Te Qg — Lia| = pra

Qre=min (e, g — TeiGro+ TiaLlig)



Avoid the matrix inverse

T 4—1
Gu,b = W, AE W

T T S el AL
max x Aox + 2w, x >w, A; w,

(Can be solved efficiently using conjugate
gradient methods without matrix inverse)

WIAEIWE. =
%({w=1 +wy) AN w, +wy) —w,) AT w, — WIAEIW‘-‘-)



SMO-like Overview

Qre=min (e, g — TeiGro+ TiaLlig)

WIAEIWE. =
%({Wa +wp) AT (Wa +wy) - w, Ay Tw, — WIAE]W*‘)
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. Experiments

K-means
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Figure 3. Time cost of different numbers of data examples.
The number of pairwise constraints is fixed to 100,



& Conclusions
L =

» Use Laplacian as regularization
 Efficient SDP solver.

* But this method 1s transductive.

- Still too costly.

 Is it sensitive to the Laplacian?

* How to construct an optimal Laplacian?



